Kaluza-Klein models: can we construct a viable example? 
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In Kaluza-Klein models with toroidal compactification of the extra dimensions, we investigate 
soliton solutions of Einstein equation. The nonrelativistic gravitational potential of these solitons 
exactly coincides with the newtonian one. We obtain the formulas for perihelion shift, deflection 
of light, time delay of radar echoes and PPN parameters. Using the constraint on PPN parameter 
7, we find that the solitonic parameter k should be very big: |fe| > 2.3 x 10 4 . We define a soliton 
solution which corresponds to a point-like mass source. In this case the soliton parameter k = 2, 
which is clearly contrary to this restriction. Similar problem with the observations takes place for 
static spherically symmetric perfect fluid with the dust-like equation of state in all dimensions. The 
common for both of these models is the same (dust-like) equations of state in our three dimensions 
and in the extra dimensions. All dimensions are treated at equal footing. This is the crucial point. 
To be in agreement with observations, it is necessary to break the symmetry (in terms of equations 
of state) between the external/our and internal spaces. 

It takes place for black strings which are particular examples of solitons with k — !> oo. For such k, 
black strings are in concordance with the observations. Moreover, we show that they are the only 
solitons which are at the same level of agreement with the observations as in general relativity. Black 
strings can be treated as perfect fluid with dust-like equation of state po — in the external/our 
space and very specific equation of state p\ — — (l/2)e in the internal space. The latter equation 
is due to negative tension in the extra dimension. We also demonstrate that dimension 3 for the 
external space is a special one. Only in this case we get the latter equation of state. We show that 
the black string equations of state satisfy the necessary condition of the internal space stabilization. 
Therefore, black strings are good candidates for a viable model of astrophysical objects (e.g., Sun) if 
we can provide a satisfactory explanation of negative tension for particles constituting these objects. 

PACS numbers: 04.25.Nx, 04.50.Cd, 04.80.Cc, 11.25.Mj 



I. INTRODUCTION 



Any physical theory is only worthy of serious attention 
when it is consistent with observations. It is well known 
that general relativity in four-dimensional spacetime is 
in good agreement with gravitational experiments such 
as perihelion shift, deflection of light, time delay of radar 
echoes and parameterized post-Newtonian (PPN) param- 
eters. On the other hand, the modern theories of unifi- 
cation such as superstrings, supergravity and M-theory 
have the most self-consistent formulation in spacetime 
with extra dimensions [J. Different aspects of the idea 
of the multidimensionality are intensively used in numer- 
ous modern articles. Therefore, it is important to verify 
these theories as to their conformity with the experimen- 
tal data. It was the main aim of our previous paper |2|. 
We considered a Kaluza-Klein model with toroidal com- 
pactification of the extra dimensions. A matter source 
was taken in the form of a point-like mass. This approach 
works very well in general relativity for calculation in 
a weak field limit of the formulas for the gravitational 
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experiments [3(. We expected that such approach will 
be also applicable to our multidimensional model. To 
verify it, we obtained the metric coefficients in a weak 
field approximation and applied them to calculate the 
formulas for gravitational experiments. We found that 
expressions for perihelion shift, light deflection, time de- 
lay and PPN parameters demonstrate good agreement 
with the experimental data only in the case of ordinary 
three-dimensional space. This result does not depend on 
the size of the extra dimensions. Therefore, the point- 
like gravitational sources are in concordance with exper- 
iments only in three-dimensional space. This result was 
a surprise for us and motivated us to write the present 
article to clarify the reason. 

The paper is structured as follows. In Section 2 we 
consider the family of exact 5-D soliton solutions. To 
define the connection with our previous paper, among of 
these solutions we single out one with asymptotic met- 
ric coefficients exactly coinciding with ones obtained in 
2] for a point-like mass. Hence, this soliton contradicts 
the experiments. We show that Too is the only non-zero 
component of the energy-momentum tensor in this case. 
From this point this soliton can be treated as perfect fluid 
with the dust-like equation of state in all dimensions. 

To demonstrate that the delta-shaped form is not a 
cause for contradictions with experiments, we consider 
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in Section 3 the finite size static spherically symmetric 
perfect fluid with dust-like equation of state in all di- 
mensions. Here, we arrived at exactly the same form of 
the asymptotic metric coefficients as in the case of point- 
like mass source. Therefore, this model also contradicts 
the observations. Thus, both point-like mass model and 
perfect fluid with dust-like equation of state in all direc- 
tions failed with experiments. The common for both of 
these models is the same equations of state in our three 
dimensions and in the extra dimensions. So, all dimen- 
sions are treated at equal footing. This is the crucial 
point. To be in agreement with observations, it is nec- 
essary to break the symmetry between the external/our 
and internal spaces. 

To prove it, we investigate in Section 4 the conditions 
under which the solitonic solutions do not contradict the 
observations. We obtain the formulas for perihelion shift, 
deflection of light, time delay of radar echoes and PPN 
parameters. Using the constraint on PPN parameter 7 
which comes from the Cassini spacecraft experiment, we 
found that the solitonic parameter k should be very big: 
|fc| > 2.3 x 10 4 . Roughly speaking, |fc| — > 00. In the case 
of point-like mass soliton solution k = 2, which is clearly 
contrary to this restriction. 

In Section 5, we consider black strings which are a par- 
ticular case of the soliton solutions and satisfy the con- 
dition I A; I — > 00. Four-dimensional part of this metrics 
exactly coincides with Schwarzschild metrics and the in- 
ternal space is flat. Obviously, the results of gravitational 
experiments in this model exactly coincide with general 
relativity. Here, Too and T44 are the only non-zero com- 
ponents of the energy-momentum tensor. T44 is negative 
and is called tension. Moreover, T°o — 2T 4 4. It can be 
treated as dust-like equation of state po = in the exter- 
nal space and very specific equation of state p\ — — (l/2)e 
in the internal space. Additionally, we consider in this 
section the static spherically symmetric perfect fluid with 
dust-like equation of state po = in do-dimensional ex- 
ternal space and an arbitrary equation of state p\ = cue in 
(ii-dimensional internal space. We demonstrate that the 
demand of an exact correspondence between this model 
and general relativity automatically leads to equation of 
state pi = — (l/2)e for do = 3. The dimension 3 for the 
external space is a special one. Only in this case parame- 
ter lu does not depend on d\ and equals —1/2. Therefore, 
in the case of three-dimensional external space, the black 
string equations of state po = and p\ = — (l/2)e are 
the only ones which ensure the same level of agreement 
with the observations as in general relativity. 

The main results are summarized and discussed in the 
concluding Section 6. Here, we reveal one very impor- 
tant property of black strings. We show that the black 
string equations of state satisfy the necessary condition of 
the internal space stabilization. Therefore, black strings 
are good candidates for a viable model of astrophysical 
objects (e.g., Sun) if we can provide a satisfactory expla- 
nation of negative tension for particles constituting these 
objects. 



II. SOLITON METRICS 

The point-like matter source is the reasonable approx- 
imation in 3-dimensional space in the case when the dis- 
tance to a gravitating mass is much greater than its ra- 
dius. This approximation was used, e.g., in to get for- 
mulas for perihelion shift and deflection of light in general 
relativity. At first glance, this approach should also work 
well in the case of a multidimensional space. To check 
this assumption, in our paper Q we obtained asymptotic 
expression for the metric coefficients in multidimensional 
spacetime with the point-like mass m at rest: 

ds 2 « [ 1 - + lX ) c 2 dt 2 

- (1 + ^2 so ^ + r " d ° 2 + r " sin2 9d ^ 

{ 1+ D^i) {{dxi)2 + {dx5f + • • ■ + {dxD)2 ^ ' 

(1) 

where r 3 is the length of a radius vector in three- 
dimensional space, r g — 2GNm/c 2 1 Gn is the newtonian 
gravitational constant and we used three-dimensional 
isotropic coordinates. We suppose that the (D = 3 + d)- 
dimensional space has the factorizable geometry of a 
product manifold M D = E 3 x T d . E 3 describes the three- 
dimensional asymptotically flat external (our) space and 
T d is a torus which corresponds to a d-dimensional in- 
ternal space with volume Vd- Then, we demonstrated 
that this metrics does not provide the correct values of 
the classical gravitational tests (perihelion shift, light de- 
flection, PPN parameters) for D > 3. Mathematically, 
this discrepancy arises because of the prefactor l/(D — 2) 
in metric coefficients ([1]) instead of the prefactor 1 as in 
general relativity. 

On the other hand, there is a number of well known 
exact vacuum solutions for the Kaluza-Klein models. 
Therefore, it is of interest to determine the relation- 
ship between these exact solutions and our asymptotic 
metric coefficients and try to understand why the delta- 
shaped matter source approach does not work in mul- 
tidimensional space. In this regard, we will investigate 
5-D static metrics in isotropic (with respect to our three- 
dimensional space) coordinates: 

ds 2 = A{r 3 )c 2 dt 2 + B(r 3 ) (dx 2 + dy 2 + dz 2 ) + C(r 3 )d£ 2 , 

(2) 

where r 3 = \J x 2 + y 2 + z 2 . This spacetime has two 
Killing vectors d/dt and 9/<9£. It is clear that appro- 
priate energy-momentum tensor also should not depend 
on time t and fifth coordinate £. We suppose that metrics 
([2]) is a solution of the vacuum Einstein equation 

R ik = (3) 

with the proper boundary conditions. It is worth of not- 
ing that the dependence of the metric coefficients in @ 



3 



only on r 3 means that the matter source for such metrics 
is uniformly " smeared" over the fifth dimension 0, § . It 
is clear that in this case the non-relativistic gravitational 
potential depends only on r 3 and exactly coincides with 
the newtonian one. 

To our knowledge, the first solution of the form of ([2]) in 
non-isotropic " Schwarzschild-like" coordinates was found 
in [6[ and reads 



ds 1 



i_ AY c ^dt 2 
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where a' and b' are constants satisfying the condition 

a' 2 + a'b' + b' 2 = l (5) 



and the parameter b is usually connected with the grav- 
itating mass: a'b = IGj^mjc 2 — r g . Then, in the 
isotropic coordinates this solution was obtained in Q and 
[1] and dubbed in the literature the soliton solution. Its 
generalization for D > 5 was performed in (§-[Hl- In 
our paper we choose the metrics in the parametrization 
proposed in Q: 



ds 2 



( ar 3 - 1 
\ar 3 + 1 

2 



2sk 



c 2 dt 2 



| _ JL^' ( ^H+iy <k 13 ( d r 2 +r 2 dn 2 ) 



a 2 r? I \ar 3 — 1 



/ar3_+l 
\ar 3 - 1 



2? 



(6) 



where a, £ and /c are constants and parameters e and k 
satisfy the condition 



e 2 (k 2 -k + 1) = 1. 



(7) 



The Schwarzschild-like solution Q and the soliton solu- 
tion © are connected by the relations: 



and 



r * = r ^ 1 + ^- 3 



a = ek, b' = — e, a = — 
o 



(8) 



(9) 



It follows from © that r 3 = r 3 + 0(l/c 2 ) if b = A/a = 
r fl /o'. 

In the approximation / = l/(ar 3 ) <C 1 and up to 0(/) 
we obtain for the metric coefficients of (J6)) the following 
formulas: 



B(r 3 ) = - (1 - / 
-l-4e(fc-l)/ 



2^ + / 



2e(fc-l) 



1 



4e(fc- 1) 



ar 3 



(10) 



and 

C(r 3 ) 



1 + / 
1-/ 



2f 



-l-4e/ = -l- — . (11) 
ar 3 

Now, we want to compare these expressions with asymp- 
totic metric coefficients from (fTJ) (where D — 4): 

B(r 3 )«-1-^, C(r 3 )«-1-^-. (12) 
2r 3 2r 3 

Comparing expressions (p~0|) and (fTTj) with our asymp- 
totic metric coefficients (fl"2j) . we get 



\/3' %/3r„ 



(13) 



where we take into account the relation ([7]). Finally, for 
A(r 3 ) from © up to 0(f 2 ) we get 

^0"3)= f^T) « l-4efc/ + 8e 2 fc 2 / 2 



1 + /, 

2 1.2 



<iek 8e 2 k" r, 
1 + ^T = 1 



r 2 

9 , 9 



2r 2 



(14) 



in complete analogy with asymptotic metric coefficient 
A(r 3 ) in (fTJ). Therefore, for the parameters (p~3|) the soli- 
ton metrics © reads 



^1 + V3r s /8r 3 / 
A + \/3r g /8r 3 X ~" 



(dr. 



:; t- r 3 dQ 2 ) 



1 - V3r 9 /8r 3 



(15) 



Our analysis shows that this form of metrics provides the 
correct asymptotic behavior in the case of delta-shaped 
matter source. The metrics (|15l) is the exact solution 
of the Einstein equation for the gravitating mass at rest 
(v = 0) uniformly "smeared" over the extra dimension. 
The only non-zero component of the energy-momentum 
tensor is Too- We can prove it by the following way. It 
is clear from the previous consideration that the metric 
coefficients in (fT5|) up to the terms 1 /c 2 read 



5oo 


*1-I£ = 14 


- h o , 






-1 + h aa =3> 




r 3 


= ~^~, a = 1,2,3,4 
2r 3 



With the same accuracy the components of the Ricci ten- 
sor are 



47rG,/vm(5(r 3 ) 



1 1 r 
-Ah 00 = --A^ = 

2 00 2 r 3 



G N m 1 

c 2 r 3 



1 



k N ^m6(r 3 )c 2 



1 



R aa ~ k N ^mS(r 3 )c 2 , a = 1,2,3,4, (17) 
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where k N = 8irG N /c 4 and A = 6 afi d 2 / 'dx a dx? is the D- 
dimensional Laplace operator (see for details @). (fT7|) 
indicate that all spatial components of the Ricci tensor 
are equal to each other. From Einstein equations easily 
follows that this equality may take place only if Tn = 
T22 = T33 = T44. Taking into account that the matter 
source is at rest: Tn = T22 = T33 = =>■ T44 = 0, we 
may conclude that the only non-zero component of the 
energy-momentum tensor is Too- Hence, for the Einstein 
equations we obtain 



^00 

Raa 



kp ( T aa - -Tg aa J fa k v -T 00 , a = 1, 2, 3, 4 . 



(18) 



where k v = 2S D G v /c i and S D = 2tt d / 2 /T(D /2) is the 
total solid angle (surface area of the (D — l)-dimensional 
sphere of a unit radius) , Gt> is the gravitational constant 
in the (D = D + l)-dimensional spacetime. 

Therefore, from (fTTf and (TT8"|) up to the terms c 2 we 
get 

T o^^jm5(v 3 y = -mS(v 3 )c 2 , (19) 

where a\ is the size of the extra dimension (the period of 
the torus) and we take into account the relation between 
the gravitational constants Q : 



2(D - 2) 
(D-l) 



Gv/ ]]a a = AttG 



N ■ 



(20) 



We can write (TT91 in the form Too ~ e ~ pc where 
p = (m/ai) 5{y 3 ) is the rest mass density in the case of a 
point mass smeared over the extra dimension. Thus, for 
the considered model the energy-momentum tensor reads 
T l k = diag (e, 0, 0, 0, 0) and corresponds to the delta- 
shaped matter source. Unfortunately, despite this clear 
physical interpretation, solution (TT5)) contradicts the ob- 
servations. As we have mentioned above, the relation 
h aa = (l/2)/ioo (sec |H])) results in formulas for the clas- 
sical gravitational tests which predict effects considerably 
different from the observations @ • It seems that the rea- 
son for this is delta-shaped form of the source. However, 
it is not. To show it, in the next section we consider a 
finite size spherically symmetric perfect fluid. 



III. STATIC SPHERICALLY SYMMETRIC 
PERFECT FLUID WITH DUST-LIKE EQUATION 
OF STATE IN ALL DIMENSIONS 

Let us consider now perfect fluid which fills uniformly 
a three-dimensional sphere of the radius R and one- 
dimensional internal torus with the period a±. If m is 



a non-relativistic rest mass of this configuration, then 
rest mass density reads 



m p 3 m 

P = = ~ ' whcrc P 3 = 77W\ P3 ■ 
ail/3 ai (A/SjnR 3 

The energy-momentum tensor is taken in the form 



(21) 



T\ = 



diag(e, -p , -po, ~Po, -Pi) ; r 3 <R,y£ 
0; 



r 3 >i?,V£ 

where £ € [0, ai] is a coordinate of the extra dimension. 
We shall consider the case when the energy density is 
much bigger than the pressure in all dimensions: 



£ > Po,Pi 



(23) 



This is the usual condition for astrophysical objects in 
three-dimensional space. 

Now, we want to calculate the metric coefficients 
9ik (i,k = 0,1,2,3,4) in the weak field limit. Prior 
to that, we would like to make two comments. First, 
it is well known that for static configurations the non- 
diagonal metric coefficients are absent: go a = (a = 
1,2,3,4). Second, because of spherical symmetry in 
three-dimensional space and uniform distribution of mat- 
ter over the internal space, the metric coefficients depend 
only on r 3 : — giki^s). In the weak field limit the 
metric coefficients take the form: 



500 ~ l+ho 



QclOL 



-l+h 



l 00; 



~ O (1/c 2 ) . 

(24) 

In particular, hoo = 2ip/c 2 . Later we will demonstrate 
that if is the non-relativistic gravitational potential. It 
can be easily shown (see, e.g., 0) that Ricci tensors up 
to the order 1 /c 2 read 



Ri) 



-Ah 



00 • 



Ro 



-Ah r 



(25) 



where D-dimensional Laplace operator A is reduced to 
usual three-dimensional one. The conditions Too 3> 
Toa , T a f} result in Einstein equations of the form of (|18p 
(the only difference consists in replacement of the exact 
equality in the first equation by the approximate one). 
Therefore, we arrive at the following relation between 
the metric coefficients: 



"■act — q^OO — -3 



(26) 



We can easily see that the Einstein equations in this ap- 
proximation are reduced to the Poisson equation for the 
non-relativistic gravitational potential ip: 



Aip {m) = 4irG N p 3 . 
Aip {out ^ = 0, 



(27) 



where we took into account that in the inner region (r 3 < 
R) Tq™-* w £ « pc 2 — pzc 2 ' ja\ and in the outer region 
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(r 3 > R) 
solution 



0. The latter equation in (|27|) has the 



<P 



(out) 



Gjsrm 



(28) 



where we used the physical boundary condition (^>( OMt ) — ► 
for r 3 — > +oo. Therefore, relation (1261) leads to the 



same expressions for Hqq and haa^ as in (|16p . It means 
that considered perfect fluid model contradicts the obser- 
vations. 

Thus, both point-like mass model and perfect fluid 
with dust-like equation of state in all directions failed 
with experiments. At first glance, it is very strange re- 
sult which works against KK models because such matter 
sources have clear physical motivation. However, as we 
shall see below, such approach is naive. The common 
for both of these models is the same equations of state 
in our three dimensions and in the extra dimensions. In 
considered models, it is dust-like equation of state. So, 
all dimensions are treated at equal footing. This is the 
crucial point. As we shall see, to satisfy the observations 
we should break this symmetry (in terms of equations of 
state) between our and extra dimensions. 



IV. EXPERIMENTAL RESTRICTIONS ON 
SOLITONS 

Now, we want to demonstrate that experimental re- 
strictions on parameters of soliton solutions (@| or © 
result in breaking of symmetry between our and extra 
dimensions. To show this, we consider parameterized 
post-Newtonian (PPN) parameters for considered met- 
rics. 

It is well known (see, e.g., dHHl]) that in PPN formal- 
ism the static spherically symmetric metrics in isotropic 
coordinates reads 



ds 2 = 1-UL+/3-J' 



>'3 



2r§ 



l di 2 - 1 



y 2 — 1 



(29) 

In general relativity /3 = 7 = 1. To get /3 and 7 in 
the case of soliton solution <[6]) , it is sufficient to analyze 
the asymptotic expressions (fTU|) and (TTT)) for the metric 
coefficients B(r 3 ) and A(r$), respectively. As we already 
mentioned above, in the case of smeared extra dimension 
the non-relativistic gravitational potential should exactly 
coincide with the Newtonian one. Because the function 
A(rs) is the metric coefficient <?00j this demand leads to 
the following condition: 



4efc 
a 



2Gniti 



Then, (ITU reads 



^3) = 



1-/ 
1 + / 



2;k 



T3 



(30) 



Simple comparison of (|3II) with the metric coefficient 500 
in (|2"9"]l shows that soliton PPN parameter 



Ps = 1. 



(32) 



as in general relativity. To obtain soliton PPN parameter 
7 S , we need to analyze the asymptotic expression (|I0[) for 
B(r 3 ). Substitution of the relation (f30f into (fTOj) gives 



2e(k-l) 



1 



k- 1 r 



k r 3/ 

and comparison of equations (|3"3")l and (|2U)l gives 

k- 1 
7s = — ; — ■ 



(33) 



(34) 



Now, with the help of these PPN parameters, we can 
easily get formulas for famous gravitational experiments 



perihelion shift 
Sip = 



67rmGjv 1 ,„ 



QitmGN 3k — 2 (3k — 2)irr g 



(I-e 2 )c 2 3k ka(l-e 2 ) 



, (35) 



deflection of light 



^ = (l+ 7s )^ = ^T 

P k p 



(36) 



time delay of radar echoes ( the Shapiro time delay ef- 
feet) 



arth' planet 

8t = (I + 7s)— In I 



??2 

^Sun 



2k - I r„ 



■In 



4^ Earth? 'planet 



p2 

n Sun 



(37) 



In (|35p . the semi- major axis a of the orbit of a planet 
should not be confused with parameter a of the solution 

Comparison of the formulas (|35l) - (|37[) with experimen- 
tal data gives the possibility to restrict parameters of 
soliton solutions. However, we can get it directly from 
experimental restriction on PPN parameter 7. The tight- 
est constraint on 7 comes from the Shapiro time-delay 
experiment using the Cassini spacecraft: 7 — I = (2.1 ± 
2.3) x 1CT 5 dUll. Thus, from J3U we find that solitonic 
parameter k should satisfy the condition |fe| > 2.3 x 10 4 . 

Obviously, the point-like mass soliton (I15|) with k = 2 
does not satisfy this restriction. We have shown that Too 
is the only non-zero component of the energy-momentum 
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tensor for this solution. It means that we have the same 
dust-like equation of state in all D = 4 dimensions. It 
is not difficult to show that all other solitons with pa- 
rameters different from (|13[) besides non-zero Too will 
also have some other non-zero components of the energy- 
momentum tensor which destroy the symmetry between 
our and extra dimensions. We shall demonstrate it for 
one particular case of solitons called black strings. It is a 
unique case because only this solitonic solution does not 
prevent the stabilization of the internal space (see the 
following discussion) . 



V. BLACK STRINGS 

Now, we consider a particular example which satisfies 
the condition \k\ > 2.3 x 10 4 . It corresponds in © to the 
limit 



e->0, k —> +oo, ek —¥ 1 , 



(38) 



or to the limit a 1 —¥ 1, b' — > in the Schwarzschild-like 
metrics (@}. In this limit the metrics © reads 



ar 3 + 1 



V ar 3 + 1 , 

4 

(drl+rldnf) - d£ 2 . (39) 



ar 3 



It can be easily seen that the four-dimensional part of this 
metrics (which corresponds to the section £ = const) is 
the pure Schwarzschild metrics (for a — A/r g ) in isotropic 
coordinates. Metrics of the form (|39]l is often called the 
uniform black string. From this metrics up to the terms 
1/c 2 we get 



500 




— = l + h 00 , 
r 3 








- ^ = -1 4- h 

r 3 


a = 1,2,3, 


544 


= -1 


= -l + /l44 






= hu 


= = ^33 = ~: 


ft.44 = . 



r 3 



With the same accuracy the components of the Ricci ten- 
sor are 



1 



1 . r„ 



r 3 



Raa ~ ~^haa ~ ^ 

2 2 r 3 

AnG N m8{Y 3 ) , 1 x/ . 2 

5 = for o™)(r 3 )c , a = 0,1, 2, 3, 



-R44 — ■ 



(41) 



For a gravitating mass at rest and based on the form of 
(1411) . we arrive at the conclusion that T o and T44 are 
the only non-zero components of the energy-momentum 



tensor. Thus, the Einstein equations take the form: 

1 'i'9oo I 

I, 



Rqq — fcx> ( ?oo — -Tg ao 



Rn — R22 — R33 — kv ( ——Tgu 



R44 — k-D [ T44 — 2^344 



(42) 



Therefore, from (|4ip and (|4^|) up to the terms c 2 we get 

Too ~ T-mi r 3 c = -— d(r 3 )c , 
fcp 3 ai 



T44 « --— md(r 3 )c 
2 kd 

T = T»oS 00 + W 4 
3 /cat 



2m xt \ 2 
"3^ (r3)c 



2 fe D 



m<5(r 3 )c 



2-<5(r 3 )c 2 
ai 



(43) 



Non-zero component T44 results in non- vanishing tension 
of the black strings (see, e.g., [13) 13)- (|43|) shows that 
the value T o is in two times bigger than the absolute 
value of T44. Similar relation exists for the ADM mass 
and the tension (see e.g. (B.ll) and (B.12) in 17]). The 
numerical pref actors 4/3 and —2/3 in front of Too and 
T44 follow from the normalization ([20)) . We can choose 
different relation between Gx> and G n which will lead to 
other numerical prefactors. However, the relation Too ~ 
— 2T44 will remain the same. If we introduce the energy 
density e — T° ~ Txi, pressure in our external three- 
dimensional space po = —T a a w T aa (a = 1,2,3) and 
pressure in the internal space pi = — T 4 « T44, then the 
black string energy-momentum tensor can be written in 
the form 



T\ = diag (e, -p , -p , -p , -p{) 
with equations of state: 

p = and p 1 = ~s . 



(44) 



(45) 



Therefore, for black strings there is no symmetry be- 
tween our and extra dimensions. Additionally, (|40[) 
show that the relations between the metric coefficients 
^00j^Hi^22 and h 33 are exactly the same as in general 
relativity and /144 = 0. Hence, in the case of black strings 
there is no deviations from formulas of general relativity 
for gravitational experiments. Moreover, the condition 
/too = h aa {a — 1,2,3) automatically leads to equation 
of state pi = — (l/2)e and equality /144 = for static 
spherically symmetric perfect fluid with dust-like equa- 
tion of state in our space. We shall prove it now. 

Let us consider a static spherically symmetric perfect 
fluid with energy-momentum tensor 



T\ = diag (e,-po, 



-Po, -Pi, 



-Pi 



(46) 



do times 



d\ times 
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In what follows, we shall use the notations: i,k — 
0, 1, . . . , D ; a, b = 1, . . .,D ; a, /3 = 1, . . . , d and p,v — 
do + 1, . . . , do + di. For static spherically symmetric con- 
figurations holds goa = and <? a h = , a 7^ 6. Because 
we want to apply this model to ordinary astrophysical 
objects, we suppose the dust-like equation of state in do- 
dimensional external space: po ~ 0, but the equation 
of state is an arbitrary one in di-dimensional internal 
space: p\ — ue. We still consider the weak field approxi- 
mation where the metric coefficients can be expressed in 
the form of (fM|) (where a should be replaced by a). Ad- 
ditional requirement that we impose is that considered 
configuration does not contradict the observations. Ob- 
viously, this will occur if the following conditions hold: 
/ioo = h aa and = 0. We now define when it takes 
place. 

First, taking into account that T = *}2d =0 = e (l — 
iodi) , T aa = , e ~ 0(c 2 ) and up to terms c 2 that Too ~ 



T° , Tn 



-T 11 ^, we get from the Einstein equation 



Rik — k-D I Tik — 



1 



D - 1 



T9 



,k 



non-zero components of Ricci tensor (up to 1/c 2 ) 

d -2 + rfi(l+w) 



Roo 

Raa 
Run 



ekj 
ekx> 



1 



D 

uidi 



1 



D-l ' 
uj(d - 1) + 1 
D — 1 



(47) 

(48) 
(49) 
(50) 



where kx> ~ 0(1/ c 4 ) is defined in (fl8|) . On the other 
hand, the components of Ricci tensor read 



Ro 



1 



-Aha 



Ra 



1 



-Ah„ 



(51) 



where as usual we put hoo = 2ip/c 2 and A is D- 
dimensional Laplace operator defined in (fl~7|). Therefore, 
from equations (14^1) . (|4^|) and ([ST|) we obtain 



1 — Ulrfl 



rf - 2 + di(l +w) 



00 



(52) 



As we mentioned above, to be in agreement with experi- 
ment we should demand 



D 



'00 



2di 



(53) 



do =3 



Hence, for considered perfect fluid the condition h aa = 
hoo results in the following conclusions: 

1. The number of dimensions of the external space 
do = 3 is a special case. Only in this case the parameter 
of equation of state uj does not depend on number of the 
extra dimensions d\ . 

2. For do — 3, the equation of state in the internal 
space is p\ = — (l/2)e which exactly coincides with the 
case of black strings (see J45| ) )■ 



Substitution of u> from (|53p into ([50)1 gives 



. {3-d -d 1 )(d -l) + 2d 1 
£kv 2 dl (D-l) = 0| *=3 



0\d a - 



(54) 



Therefore, as in the case of black strings, we obtain fiat 
extra dimensions. 

To conclude the consideration of this perfect fluid, we 
want to get the metric coefficients. To do it, it is sufficient 
to define the function ip. It can be easily seen from (|4"5)l 
and (|5ip that this function satisfies the equation 



ski 



D-2 + ujd 1 
D-l 



(55) 



where e m p^c 2 and is D-dimensional non- 

relativistic rest mass density. We want to reduce this 
equation to ordinary Poisson equation. We consider the 
case when matter is uniformly smeared over the extra 
dimensions: = p^ d °> /V^ where Vd ± is the volume of 
the internal space. In this case the non-relativistic poten- 
tial if depends only on our external coordinates and A 
is reduced to do-dimensional Laplace operator. If we de- 
mand now that the multidimensional gravitational con- 
stant Gx> and the newtonian gravitational constant GV 
are related as 



C 4 fcT 



D - 2 + wdi 
D-l 



AnG N V dl , 



(56) 



then (|55p is reduced to usual Poisson equation: 

A<p = 1nG N p {do) . (57) 



Obviously, in (|56|) and ([57]) . it is assumed that do = 3. 
(|56| shows that the relation between gravitational con- 
stants Gd and Gn depends on equation of state in the 
internal space. If we take the dust-like equation of state, 
then we obtain (|20|) . However, for the black string equa- 
tion of state (f53"|) (and do = 3) we obtain 



SdG-d = AttGnV^ 



(58) 



If perfect fluid is confined in three-dimensional sphere of a 
radius R, then (|57p has the following solution in vacuum: 
<p = -GNm/r 3 , where m = (4/3)ttR 3 p < - 3 \ 

Therefore, in the case of three-dimensional external 
space, the black string equations of state po = and 
pi = — (l/2)e are the only possibility to be at the same 
level of agreement with the observations as in general rel- 
ativity. We also indicate in Conclusion that these equa- 
tions of state satisfy the necessary (but not sufficient!) 
condition for stabilization of the internal space. 



VI. CONCLUSION AND DISCUSSION 

In our paper, we investigated the multidimensional KK 
models with compact static spherically symmetric mat- 
ter sources either in delta-shaped form or in the form 
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of distributed perfect fluid. We usually also supposed 
that matter is uniformly smeared over the extra dimen- 
sions. Some of these models have exact solutions (soli- 
tons) and for others we obtained the metric coefficients 
in the weak field limit. The main purpose of our pa- 
per was to establish the correspondence between these 
models and observable data. There are a number of well 
known gravitational experiments in solar system (perihe- 
lion shift, deflection of light, time delay of radar echoes, 
PPN parameters) which can be used to get restrictions 
on parameters of considered models. In our previous pa- 
per 0] we have shown that the point-like mass matter 
source strongly contradicts the experiments if the num- 
ber of spatial dimensions D > 3. It was a surprise for us 
because such approach has clear physical interpretation 
and works very well in general relativity [3j. Therefore, 
in the present paper we wanted to clarify the reason of 
it. 

First, we investigated five-dimensional soliton solu- 
tions to single out one which corresponds to point-like 
mass. We found parameters of this solution and demon- 
strated that Too is the only non-zero component of the 
energy-momentum tensor. It can be treated as dust-like 
equation of state in all dimensions. Because in the weak 
field limit the metric coefficients exactly coincide with 
ones for the point-like mass, this soliton solution contra- 
dicts the experiments. Our first thought was that the 
reason for this is the delta-shaped form of the source. To 
check it we considered the model with finite size static 
spherically symmetric perfect fluid. For astrophysical ob- 
jects (e.g., Sun) it is usually supposed that the energy 
density is much bigger than pressure. Therefore, we also 
assumed that considered perfect fluid has the dust-like 
equation of state in all dimensions. However, here we 
arrived at exactly the same form of the asymptotic met- 
ric coefficients as in the case of point-like mass. There- 
fore, this model also contradicts the observations. Thus, 
both point-like mass model and perfect fluid with dust- 
like equation of state in all directions failed with experi- 
ments. The common for both of these models is the same 
equations of state in our three dimensions and in the ex- 
tra dimensions. So, all dimensions are treated at equal 
footing. This is the crucial point. To be in agreement 
with observations, it is necessary to break the symmetry 
between the external/our and internal spaces. 

To prove it, we investigated conditions under which the 
solitonic solutions do not contradict the observations. It 
can be easily done via the parameterized post-Newtonian 
parameters (PPN) 7 and /3. We found these parameters 
with the help of asymptotic expression for the solitonic 
metric coefficients. Parameter f3 exactly coincides with 
one in general relativity but 7 is not. Additionally, we 
also obtained the formulas for perihelion shift, deflection 
of light and time delay of radar echoes in the case of 
soliton solutions. Using the constraint on 7 which comes 
from the Cassini spacecraft experiment, we found that 
the solitonic parameter k should be very big: \k\ > 2.3 x 
10 4 . Roughly speaking, \k\ — > 00. In the case of point- 



like mass soliton k — 2, which is clearly contrary to this 
restriction. 

There is one very interesting five-dimensional soliton 
solution that satisfies the condition |fc| — ¥ 00. This is so- 
called black string. Four-dimensional part of this metrics 
exactly coincides with Schwarzschild metrics and the ex- 
tra dimension is flat (the internal space metric coefficient 
does not depend on any coordinates). Obviously, the 
results of mentioned above gravitational experiments in 
this model exactly coincide with general relativity. Here, 
Too and ^44 are the only non-zero components of the 
energy-momentum tensor. Moreover, T% = 2T 4 4. It 
can be treated as dust-like equation of state po = in 
the external space and very specific equation of state 
pi = — (I/2)e in the internal space. For a better un- 
derstanding of black strings, we have considered a static 
spherically symmetric perfect fluid with dust-like equa- 
tion of state po = in do-dimensional external space and 
an arbitrary equation of state p\ = ue in <ii-dimensional 
internal space. We took the dust-like equation of state in 
our space because it is usual condition for astrophysical 
objects like the Sun. We demonstrated that the demand 
of an exact correspondence between this model and gen- 
eral relativity automatically leads to equation of state 
pi = — (l/2)e for do — 3. The dimension 3 for the exter- 
nal space is a special one. Only in this case parameter uj 
does not depend on d\ and equals to —1/2. Therefore, 
in the case of three-dimensional external space, the black 
string equations of state po = and p\ — — (l/2)e are 
the only ones which ensure the same level of agreement 
with the observations as in general relativity. 

Now, we want to stress an additional and very im- 
portant feature of the black string equations of state. 
This feature follows from the conclusions of no-go theo- 
rem given in the appendix. This theorem (case II, which 
relates to ordinary matter in our Universe) clearly shows 
that the condition of the internal space stabilization re- 
quires the violation of symmetry (in terms of equations 
of state) between our three dimensions and the extra di- 
mensions. The need for such a violation is especially 
seen in the example of radiation. It is well known that 
radiation satisfies the equation of state p = (l/3)e. If 
we assume equality of all dimensions and allow light to 
move around all multidimensional space, then equation 
of state will hep = (1/D)e, which apparently contradicts 
the observations for D > 3. Therefore, radiation should 
not move in the extra dimensions. Exactly this situation 
we have in case II. If we take cr c ) = 1, then we obtain 
the usual equation of state for radiation in our Universe 
a.Q — 4/3 — > Pq — (l/3)e^ c - 1 and dust in the internal 

(c) (c) 

space: oq = 1 — > p] ■ = 0. The latter means that 
the light does not move in the extra dimensions. Such 
situation is realized if light is localized on a brane [20| . 

Thus it is clear now why models with the same (e.g., 
dust-like) equation of state in all directions have failed 
with experiments. In spite of their clear physical moti- 
vation, they violate the condition of the internal space 
stabilization. On the contrary, the black strings have the 
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dust-like equation of state po — in our space and equa- 
tion of state pi = — (l/2)e in the internal space. This 
is in full agreement with the stability condition. Ad- 
ditionally, multidimensional matter with such equations 
of state satisfies the known experimental data. There- 
fore, we obtained important restrictions on the equation 
of state of the multidimensional matter in directions of 
extra dimensions for the localized sources of this matter. 

Nevertheless, we want to add "a fly in the ointment". 
It is connected with the latter equation or, equivalently, 
with non-zero (negative!) component T44 of the energy- 
momentum tensor. In the black string papers, it is called 
the black string tension. In paper by Chodos and De- 
tweiler [2l[, they called it the scalar charge. However, 
as far as we are aware, the reason for such negative ten- 
sion is still not clarified. What does "squeeze out" the 
ordinary particles (which form the astrophysical objects) 
from the extra dimensions? Simple localization on the 
brane, as in the case of radiation, is not enough for this 
because it results in the dust-like equation of state in the 
extra dimension. It should be something else. Therefore, 
our answer about a viable KK model is "yes" (keeping in 
mind the black string models) if we can give a satisfactory 
explanation for the non-zero negative tension. 

In our opinion, brane-world models are the most 
promising alternative to the KK models because they 
naturally break the symmetry between our three- 
dimensional Universe and the extra dimensions. These 
models require special consideration. We intend to clar- 
ify this interesting problem in our forthcoming paper. 
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Appendix: Perfect fluid in multidimensional 
cosmological models: no-go theorem 

The no-go theorem leads to important conclusions 
in our paper. Therefore, it makes sense to give a brief 
derivation of it in this appendix. 

In conventional cosmology matter fields are taken into 
account in a phenomenological way as a perfect fluid with 
equal pressure in all three spatial directions. It pro- 
vides homogeneous (if energy density and pressure de- 
pend only on time) and isotropic picture of the Universe. 
In multidimensional case we generalize this approach to a 



m— component perfect fluid with energy-momentum ten- 
sor [H 

m 

7^ = £T<, (Al) 

c=l 

T (c)M - -diae' f-o (c) n {c) n {c) wM wM ) 
J- N ul ag ^ p ,p Q , . . . , p Q , . . . , p n , . . . , p n ) . 

V v 

do times d n times 

(A2) 

In this appendix we accept for convenience the system 
of units where the speed of light c = 1. Thus the energy 
density e^ c ' = p^c 2 coincides with the mass density p^ c \ 
To get the conditions of the internal space stabilization, 
we consider the case of dynamical energy density and 
pressure: p^ = p^ c \r) and p^' — pf^ (r), i = 0, . . . , n. 

The conservation equations we impose on each compo- 
nent separately: 

T& N . M = 0. (A3) 

The metrics of spacetime is also taken in the homoge- 
neous form: 

n 

9 = g (0)( x )-J2e 2 ^)gU(y) (A4) 

i=l 

n 

= e 2 ^dr ®dr- e^°^g^(x) - £ e 2 ^ r > 5 « (y) . 

i=i 

The choice of the function 7(7-) defines different gauges, 
e.g. the synchronous time gauge 7 = or the conformal 
time gauge 7(7") = /3°(r), etc. In what follows, we use 
the notations a = and bi = (i — l,...,n) to 
describe scale factors of the external and internal spaces, 
respectively. 

Denoting by a dot differentiation with respect to time 
t, the conservation equations (1A3[) for the tensors (|A2[) 
read 

n 

pV + ^diF^pW+pty =0. (A5) 

i=0 

If the pressures and energy density are related via equa- 
tions of state 

Pf ] = ( a i C) - l ) P (c) > i = 0,...,n, c = l,...,m, 

(A6) 

then (|A5p has the simple integral 

n . . 

p (c) (r) = A (c) a -d Qa ^ x -Q b -dM ^ (A7) 
i=l 

where A^°' is the constant of integration. 

To investigate the problem of the stable compactifi- 
cation, it is helpful to use the equivalence between the 
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Einstein equations and the Euler-Lagrange equations for 
Lagrangian obtained by dimensional reduction of the ac- 
tion 

S = i / ^V^M™ - 2Ap} - J d v x^\g~\p, 

M M 

(A8) 

where p is given by (|A7I) (sec 22] for details). This equiv- 
alence takes place for homogeneous model (|A4[) . How- 
ever, we can generalize it to the inhomogeneous case al- 
lowing inhomogeneous fluctuations /3 l (x)(i = 1, ...,n) 
over stably compactified background (3 l Q = const : fi l = 
P l — /3q. The dimensional reduction (see, e.g., (23j-[25|) 
of the action (|A8|) results in effective theory in Einstein 
frame with the effective potential 



-2/(U -2) 



U, 



eff 



i=l 



2/3* 



c=l 



(A9) 



where p( c ) is defined by (|X7|> and D = d Q + 1. The 
internal space conformal fluctuations j3 l play the role 
of minimal scalar fields with potential (IA9|) in external 



spacetime with the Einstein frame metrics g\} = Q.~ 2 g\j,} 

/ „ -i\ -2/(£»a-2) 

where £7 2 = (n"=i edi ' 3 ) ■ Now, we suppose 

that the external spacetime metrics g^ has also the 
Friedmann-Robertson- Walker form: 

= r!-V 0) = ~g ( $dx»®dx v 

= e 2 W®rff-e 2 ^^V 0) . (A10) 

It results in the following connection between the exter- 
nal scale factors in the Brans-Dicke frame a = and 



in the Einstein frame a = e 13 : 

<■ Hi") 



-l/(D -2) 



(All) 



then, the expression (|A7[) for p^ can be rewritten in the 
form 



nvP 



c) - 



knp$ n 



(A12) 



where 



'(0)i 



.(c) 



„( c ) 



do-1 



(A13) 
(A14) 



and we take into account the relation ([55)1 = kmVd 1 
with the internal space volume Vd< = Vj n^Li ^(o)r = 
is the total number of the internal dimensions. 
Prefactor Vj is defined by the geometry of the internal 
spaces [l9| and for torii Vj = 1. It can be easily verified 

that has dimension cm d ° Q t> 

Thus, the problem of stabilization of the extra dimen- 
sions is reduced now to search of minima of the effective 
potential U e /f with respect to the fluctuations (3 l : 



dU, 



eff 



d/3 k 



= 



K N 



c=l 



Ac) Ac) 

P(4) l?/s 



>R k = - 

2d k 
D -2 



D - 
, k 



,i=l 



Ri - 2A V 



(A15) 



The left-hand side of this equation is a constant but 
the right-hand side is a dynamical function because of 
dynamical behavior of the effective four-dimensional 
energy density p*fl . Thus, we arrive at the following 
no-go theorem: 

Multidimensional cosmological Kaluza-Klein models 
with the perfect fluid as a matter source do not admit 
stable compactification of the internal spaces with excep- 
tion of two special cases: 



I. 4 C) = 0, Va| c) 



n. C t 



(c) 



2d, 



do - 1 



where i = 1, . . . , n; c = 1, . 



(A16) 



(A17) 

. , m. 



First case corresponds to vacuum in the external space 
p'fX = A^ = const and arbitrary equations of state in 
the internal spaces. Some bulk matter can mimic such 
behavior, e.g., vacuum fluctuations of quantum fields 
(Casimir effect) monopole form fields [H, 

and gas of branes [28| ■ 

In the second case, the energy density in the external 
space is not a constant but a dynamical function with 
the following behavior: 



Pg(a) = i«>- 



1 



2+(d -l)aM 



1(c) 



1 



S 2(l+a(c)) 



The corresponding equation of state is: 
pg = (l/3)(2a( c )~l)pg = (4 c) -l)p 



(c) 



3 = 3 

(A18) 



(A19) 



where we put do = 3. It can be easily seen from (|A12[) 
that in the case of stabilized internal spaces (i.e. (3 l = 0) 
p^l = p^Vd 1 - Similar relation takes place for p^ and 
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Pa ■ Pu) = Pq Vd' • Therefore, the second case cor- 
responds to ordinary matter in our three-dimensional 
space. For example, in the case of three-dimensional ex- 
ternal space, the choice — 1/2 provides dust in our 

( c) ( c) 

space: a J = 1 — > pWs = and equation of state 

of' = 1/2 — > p^ = —(l/2)p( c ^ in the internal spaces, 
which are exactly the black string equations of state! 

It is worth of noting that the cases I and II are the nec- 
essary but not sufficient conditions for stabilization. In 
;19;] it was shown that stability is ensured by the matter 



from the first case with a proper choice of the parameters 
of models. The matter related to the second case provides 
the standard evolution of the Universe and does not spoil 
the stabilization. As we mentioned above, matter of the 
first case behaves as a cosmological constant in the ex- 
ternal space. There are strong experimental restrictions 
on cosmological constant in solar system [2!| . Therefore, 
there is no need to take into account such perfect fluid 
for considered in this paper astrophysical problems. It 
plays an essential role on cosmological scales. 
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